Abstract. In [Viktorov M E et al. 2016 Eur. Phys. Lett. 116 55001] we reported on chirping frequency patterns that have been observed in the electron cyclotron emission from strongly nonequilibrium plasma confined in a table-top mirror magnetic trap. These patterns were interpreted qualitatively as the first experimental evidence for so-called "holes and clumps" mechanism acting at such high frequencies (1-10 GHz). In the present paper, we prove this statement on a more rigorous basis, considering the formation of nonlinear phase space structures in proximity of the wave-particle resonances within the framework of the BerkBreizman theory adopted for a kinetically unstable mirror-confined plasma.
Introduction
From a theoretical point of view, there are two limiting cases that describe resonant wave-particle interaction in plasmas. One is the quasilinear theory, a perturbative approach that involves many overlapped wave-particle resonances as a basis for a diffusive particle transport in phase space [1, 2] . Overlapping is provided either by a broad spectrum of excited electromagnetic waves or by a spatial inhomogeneity of resonant conditions that results in the stochastic phase of particles during repeated passing through the resonance region [3, 4] . The latter concept is widely used for a description of high-frequency heating of fusion plasmas by monochromatic waves [5, 6] .
Another universal mechanism is based on a formation of separate phase space structures in proximity of nonlinear wave-particle resonances of a kinetically unstable plasma mode. Here the global transport is suppressed as the resonances do not overlap. As wave amplitude grows, most of the particles respond adiabatically, and only a small group of resonant particles mix and cause local flattening of the distribution function in phase space within or near the separatrices formed by the wave. In a collisionless limit, such regimes were proposed as a possible mechanism of generation of narrowband chorus emissions in the Earth's magnetosphere [7] [8] [9] . Similar physics was considered in [10] [11] [12] [13] [14] in the case of essential dissipation, which is more relevant to most laboratory experiments. When the linear dissipation from a background plasma is present, the saturated plateau state becomes unstable and the mode tends to grow explosively. That results in the formation and subsequent evolution of long-living compared to the linear growth structures in the particle distribution, so-called "holes and clumps" (depletion and excess of resonant particles). Their subsequent convective motion in phase space is synchronized to the change in wave frequency, thus leading to complex chirping patterns in a dynamical spectrum of unstable waves. This model, commonly referred to as the Berk-Breizman theory, has been used to study the Alfven wave turbulence driven by high-energy beam ions or alpha particles in toroidal magnetic traps [12, [15] [16] [17] [18] [19] [20] [21] [22] [23] ; as well as some other MHD processes, such as fishbone [12] and ion-acoustic [24] instabilities, have been considered. This paper was motivated by the first laboratory observations of potentially the same mechanism acting in a much higher electron cyclotron (EC) frequency domain reported in [25] . We study the electron cyclotron kinetic instabilities of plasma with fast electrons sustained by high-power microwaves (with maximum intensity about 10 kW/cm 2 at 37.5 GHz) and confined in the table-top mirror magnetic trap. [25] . The ECR heating is operating during 0-1 ms (not shown in the plot).
Resonant heating results in the plasma with at least two electron components, one of which, more dense and cold, determines the dispersion properties of the high-frequency waves, and the second, a small group of energetic electrons with a highly anisotropic velocity distribution, is responsible for the excitation of unstable waves. On a phase of discharge decay after the microwave heating is switched-off, we find the chirping frequency patterns in the plasma emission in the EC frequency range (1-10 GHz) that are very similar to those predicted by the Berk-Breizman theory, see figure 1 . In the present work, we adopt this theory to our case and demonstrate that separate nonlinear wave-particle resonances are indeed possible in the described experiment in spite of the huge variation of the magnetic field typical of a mirror magnetic trap.
The latter was a rather unexpected conclusion. During more than a decade of investigations, we observed many types of plasma EC instabilities driven by high-power microwaves with very different time and frequency patterns from a stationary generation of enhanced line emission to quasi-periodic or even stochastic burst regimes. Most of the instabilities have been adequately interpreted within the cyclotron maser paradigm, which is essentially based on the self-consistent quasilinear theory, see review [26] and references therein. In this context, a laboratory modeling of wave-particle interaction processes have much in common with similar processes occurring in the magnetosphere of the Earth [27] [28] [29] [30] [31] , other planets [32] , and stars [33] . Unlike all other EC instabilities detected at our setup, the chirping electromagnetic bursts were never accompanied with synchronous enhanced precipitations of fast electrons through the trap ends. This is an additional evidence that the quasilinear model may not be applicable to this particular case.
To simplify further reading, let us introduce a specific language common for both discussed mechanisms of plasma-wave interaction. In a mirror configuration, electrons are involved in two oscillatory motions. One is cyclotron gyration with a frequency ω c , the other is bouncing along the magnetic field line with a frequency ω b . Drifts across the magnetic field may be neglected for the fast time-scales considered in this paper. In terms of the Berk-Breizman theory, the resonance with some plasma mode at a frequency ω 0 is possible when
where n, s are integers, and ω c is a cyclotron frequency averaged over the bounce oscillations. Typically, the bounce oscillations are much slower than the cyclotron gyration, ω b / ω c ≪ 1 for the majority of electrons. Then, considering an electron cyclotron interaction s ω c ∼ ω 0 , resonances (1) for different n overlap resulting in the global quasilinear diffusion. However, under specific circumstances one or few neighboring n-resonances may be essentially stronger than others (characterizing by a more efficient coupling between particles and waves or by a larger stock of free energy). This provides favorable conditions for the "holes and clumps" formation and evolution. In the discussed experiment, this is possible due to a combination of two factors:
• ω b / ω c grows with the electron energy, so this quantity becomes moderately low for very fast electrons, e.g., ω b / ω c ∼ 1/30 for the case studied in this paper; • plasma becomes so rarefied that collisional stochastization of the electron phase is negligible, ν coll ≪ ω b , and resonances (1) corresponding to moderately large n, e.g., n ∼ 30, do not overlap.
Thus, the Berk-Breizman scenario may be realized for sub-relativistic and relativistic electrons at the plasma decay stage when the background plasma density drops by few orders of magnitude compared to its values during the electron acceleration stage. Hereafter, this picture is elaborated in a more strict way. We adopt the general theory of nonlinear wave-particle resonances formulated in [12] to a particular case of magnetized electrons bouncing in a mirror magnetic configuration.
Basic equations

Non-perturbed Hamiltonian
Omitting drifts across the magnetic field, one may consider two degrees of freedom of a single electron -the phase of cyclotron gyration ϕ and the coordinate z along the field line; z = 0 stands for the minimum of the magnetic field strength. Canonically conjugated momenta are, correspondingly, the transverse adiabatic invariant I ⊥ = p 2 ⊥ /(2mω c ) and the longitudinal momentum p z . Here "transverse" and "longitudinal" are related to the direction of the external magnetic field, m is the electron rest mass, and ω c = eB(z)/(mc) is the non-relativistic electron cyclotron frequency which depends on z. In the absence of unstable waves, a nonperturbed electron motion in non-relativistic limit may be described with the following Hamiltonian with so-called Yushmanov potential [34] 
Next, using a standard technique we may switch to the action-angle variables. Namely, introducing the longitudinal action,
and expressing the Hamiltonian as a function of actions, H 0 (I ⊥ , I || ), we define the generating function S for the desired canonical transformation as
The corresponding angles vary as
where ω b and ω c are the frequency of bounce oscillation along the magnetic field and the cyclotron frequency averaged over bounce oscillations. For simplicity, let us assume a deeply trapped particle bouncing in the central part of a trap, where the magnetic field strength may be approximated with a parabolic function:
This is indeed a good approximation if fast electrons are generated in ECR discharge with the absorption zone located near the trap center. For the parabolic magnetic field, the Hamiltonian in the action-angle variables takes the following simple form:
where
is the non-relativistic bounce frequency. The averaged cyclotron frequency is
New angle coordinates are related to the old ones as
Further we will use the relativistic Hamiltonian that may be obtained from the non-relativistic one as
Equations (2) and (4) remains valid for this Hamiltonian except corresponding relativistic frequencies arẽ
where γ =H 0 /mc 2 is the standard relativistic factor.
First-order perturbation
Electron orbits in the presence of an unstable electromagnetic mode can be found from the perturbed Hamiltonian
where A is the vector potential of the mode, and p is the kinematic momentum. Note that only linear over A terms are accounted. Assuming that plasma mode is rotating with frequency ω 0 in the electron direction, the mode is standing over z, and the vector potential is transverse to the z-axis, one finds
Here C(t) defines variation of the complex mode amplitude in time, A 0 (z) defines the fixed mode structure over z, gyrophase ϕ and coordinate z are given by (4) . The perturbed Hamiltonian allows resonances of type (1) at the fundamental cyclotron harmonic s = 1. Higher cyclotron harmonics are not described because we omit finite Larmour radius effects in our two-dimensional Hamiltonian. To emphasize the resonances in explicit form, we expand the Hamiltonian into series over harmonics of the bounce oscillations:
Kinetic equation for a separate resonance
Following Berk and Breizman [12] , let us assume that resonances do not overlap. This means that spectral width ∆ω of C(t) and the effective collision frequency ν eff of resonant electrons (introduced later) are small compared with the bounce frequency, ∆ω, ν eff ≪ω b .
Then we may omit all terms in (7) except somen and change to new variables ξ = ξ ⊥ +nξ || and ξ || :
Here I ⊥ andĪ || = I || −nI ⊥ are the canonical momenta corresponding to coordinates ξ and ξ || . Obviously,Ī || is conserved since ξ || do not enter the new Hamiltonian. Also, for resonant particles we may neglect variation of I ⊥ in the interaction term considering its value being close to the resonant value.
Indeed, let us introduce the resonant frequency
as a function of new actions:
The equation of motion in ξ-direction,
may be considered at fixed I ⊥ =Ī ⊥ corresponding to the resonance condition
Quantity ω w defines the frequency of nonlinear oscillations of deeply trapped particles in wave C. Note, that following Berk and Breizman [12] this quantity is frequently referred as "bounce frequency" ω b , but we use ω b in a different sense.
With the same accuracy, we may formulate the kinetic equation for the distribution function f (t, ξ, Ω,Ī || ) of fast particles [12] :
Here we have chosen Ω as a new independent variable to replace the action I ⊥ . The forms of collision operator in the right-side of (9) have been extensively discussed in [12, 13, 15, 16, 21] . Although the best choice in our particular case is still an open question, we chose the following model form (10) where F is the equilibrium distribution, ν dif and ν drag are constants characterizing the momentum space diffusion and dynamical friction of fast electrons on the bulk plasma. Note, that (10) can be consistently derived from a Fokker-Planck collision operator with an appropriate orbit averaging [35] ; then, up to numerical factors of the order of unity,
with ν coll being the pitch angle scattering rate. One finds that ν drag /ν diff ≈ (ν coll /ω 0 ) 1/6 ≪ 1 in our conditions. However, solutions of the kinetic equation are rather sensitive to a small ratio ν drag /ν diff [16] , so we save the dynamical friction for better fit to the experimental data. Solution of kinetic equation (9) can naturally be found as a Fourier series over ξ − ω 0 t,
where f k (t) are slow functions compared to 2π/ω 0 .
Equation for wave amplitude
In the experiment, we see that instabilities develop near the discrete frequencies corresponding to low eigenmodes of an empty (with no plasma) cylindrical vacuum chamber [25] . Besides, only modes with the transverse electric field near the axis are pronounced [36] . Therefore, in the present communication we consider one of such modes with the transverse electric field
rotating around the z-axis at frequency ω 0 in the same direction as electrons. Here A 0 defines the vacuum mode structure, the mode is normalized such that
and C(t) is the slow amplitude of this mode. Following general procedure [12] , an evolution of slow C(t) may be determined from the Maxwell equations. In our case
The first term describes the Joule dissipation of total current j of resonant electrons; † denotes a complex conjugate. The second term describes the external mechanism of wave dissipation with the damping rate γ d , e.g. due to diffraction and Ohmic losses from a cavity or by the background cold plasma.
The first term in (13) may be calculated explicitly having in mind that:
• the most significant contribution to the current of fast electrons is given from the resonant Fourier harmonic f 1 ;
• the distribution function is normalized over a total number of particles in a flux tube, f d 4 Γ = N with
• a flux tube with resonant electrons is narrow compared to the diameter of the vacuum chamber, thus we may perform integration over the radial direction across the magnetic field just taking j ∝ δ(r ⊥ ).
With these assumptions,
Next, the integrals over spatial coordinates ξ and ξ || may be calculated. Finally, equation (13) for a slow complex wave amplitude takes the following form:
As expected, an action of resonant particles on waves is defined by exactly the same function V n as one in the perturbed part of Hamiltonian (7). Note that f 1 describes both linear and nonlinear currents with respect to the wave amplitude C. For example, taking only linear and stationary perturbation f lin 1 from the kinetic equation (9),
and calculating a real part of the first term in (14), one obtains the linear growth rate
This is the inverse Landau damping for the cyclotron waves in a collisionless plasma generalized over a case of inhomogeneous magnetic field. "Holes and clumps" structures are determined by a nonlinear contribution to the current what requires self-consistent calculation of slow evolution of at least f 0 , f 1 and f 3 taking into account the following ordering F ≫ f 1 ≫ f 0 ∼ f 2 ≫ f 3 .... We find such solutions numerically using the BOT code by M. K. Lilley [37] .
Limit of constant magnetic field
To check a consistency of our theory we consider l = ∞. In this case, the magnetic field is homogeneous and there is no bounce oscillations: ω c = ω c0 , ω b = 0 and I || = 0. Unperturbed particle orbits correspond to a constant parallel momentum. The coupling parameter is
The resonant frequency is equal to the relativistic gyrofrequency, Ω = ω c /γ with γ = 1 + 2I ⊥ ω c /mc 2 . Then, the nonlinear trapping frequency is
γ 2 , here E is a wave electric field amplitude, B is the external magnetic field strength. This is exactly the trapping (bounce) frequency for a resonant electron in the slow extraordinary wave in a rarefied plasma [38] .
Within the same assumptions one obtains the linear growth rate (15) as
where V is the effective volume used in norm (12) , (Ω/c) 2 A 2 0 V = 1. On the other hand, a theory of homogeneous plasma results in the following standard expression for the cyclotron (Landau) damping/growth rate of the extraordinary plasma mode propagating transverse to the magnetic field at the fundamental harmonic,
with ω 2 p = 4πe 2 N/mV being the Langmuir frequency of fast electrons (see, e.g., [39] ). One finds that both equations are equivalent, γ L ≡ γ 0 L , with taking into account different norms of distribution functions
f 2πp ⊥ dp ⊥ = 1.
Interpretation of the experiment
Experimental conditions and basic parameters
For reader's convenience, we remind the experimental conditions in which the frequency chirping has been systematically observed [25, 26, 36] . Most relevant parameters to our study are summarized in table 1. The experiments were conducted in the plasma of ECR discharge sustained by gyrotron radiation launched along the magnetic field in the simple axially symmetric open magnetic trap. Plasma was created and supported under ECR conditions at the fundamental harmonic (frequency 37.5 GHz, power up to 80 kW, pulse duration 1 ms). Two resonance surfaces were located symmetrically quite far, by 7.5 cm, from the trap center towards the magnetic mirrors. For the needs of the present work, the on-axis magnetic field may be approximated as
with the trap length L = 22.5 cm and mirror ratio R = 5. This corresponds to the magnetic field scale l = 3.6 cm in (3) calculated as l = L/(π √ R − 1). Highly transient spectra with many repeated frequency sweeps were detected with the use of a broadband 2-20 GHz horn antenna and a highperformance oscilloscope. The frequency chirps were observed only at the late stage of plasma decay with a pronounced delay after the ECR heating switchoff (0.1-1 ms) and only when the ambient magnetic field was decreasing in time. The microwave emission was observed only at frequencies below the electron cyclotron frequency at the trap center in a few narrow frequency bands, 4.9-5.3 GHz, 6.2-6.5 GHz, 6.9-7.1 GHz, 7.2-7.3 GHz and 7.5-7.6 GHz, that were independent of all experimental conditions. Within each frequency band, the dynamic spectrum represents a set of chirped bursts with the duration of about 10 µ and both increasing and decreasing frequencies in the range of 100-400 MHz depending on the experimental conditions. A typical example of such an event in a nitrogen discharge is shown in figure 1 .
As mentioned above, a vacuum chamber forms a closed high-Q cavity for a potentially unstable plasma mode. A basic electrodynamic analysis suggests that this mode is a standing wave with a circularly polarized transverse electric field near the trap axis. Namely, the frequency bands mentioned above may be attributed to following modes of a cylindrical resonator: TE 211 , TE 311 , TE 312 , TM 310 and TE 411 [36] . However, for the present study, such details are even excessive. Indeed, in our experimental conditions, due to a localized heating, most of fast electrons are bouncing near the trap center far from the end-fronts of the vacuum chamber. As a first approximation we may neglect longitudinal structure of the electromagnetic mode simply assuming A 0 = const when calculating the coupling coefficient V n . So, the particular mode type enters our calculations only through the norm (12) of A 0 (r).
Model distribution function
Measurements of an energy distribution function of fast electrons leaving our trap through the mirrors were reported in [40] . The electron energy distribution function was found to decrease slowly with energy up to approximately 500 keV and drops abruptly further thus being very far from the Maxwellian one. Basing on these results and noting that direct measurements of the full distribution function inside a high-power ECR discharge are not possible with the present diagnostics, we propose the following physical model.
During the ECR heating stage, the interaction between resonant electrons and a high-power external monochromatic wave is well described within the quasilinear theory. In the process of heating, the resonant electrons redistribute along the quasilinear diffusion curve which in our notations isĪ || = const. An almost flat energy spectrum of escaping electrons indicates that the wave intensity in our experiment is so strong that the quasilinear diffusion results in almost a plateau along the curvesĪ || = const lasting from low energies of few keV up to the maximum energy ǫ * = mc 2 (γ * − 1). Thus, the initial non-perturbed distribution function is effectively onedimensional: F = F (Ī || ) for γ < γ * and zero for higher energies. Function F may be found by matching to the Maxwellian distribution function at low energies. Now let us stress one technical detail. In our study we must distinguish the magnetic field during the ECR discharge and the instability stage. Thereafter we assume that ω c0 and ω b characterize the magnetic field strength and the bounce oscillation rate at the instability start and ω * c0 = αω c0 and ω * b = √ αω b characterize the same quantities during the EC heating. In our experiment, the decompression factor α varies from 1.25 to 2.
Having in mind that formation of the electron distribution function occurs during the heating stage, we find that conservation ofĪ || is equivalent to conservation of
where ω ECH is the heating frequency. This definition of the quasilinear diffusion line may be reformulated in a more conventional form (see, e.g., [41] and references therein)
|| /2m, where p ′ ⊥ and p ′ || are the transverse and longitudinal to the magnetic field components of the electron momentum calculated at the position of "cold" EC resonance ω c (z) = ω ECH ; the approximate equality corresponds to the well-known non-relativistic limit (low energy electrons gain presumably transverse momentum during the EC heating). Assuming that accelerated electrons originate from a relatively cold and dense background plasma, we may consider a Maxwellian distribution over longitudinal momentum for the seed electrons, F ∝ exp(−p ′2 || /2mT e ), with some effective temperature T e . This condition, formulated at low energies, defines the spread of K in the whole relativistic domain.
Summarizing, we define the following model distribution function
where F 0 is defined through the norm,
Here we use the following approximation. The effective temperature of the bulk electrons, T e ∼ 100−300 eV, is much less than the energy of the resonant electrons involved in the instability. Therefore, in most cases, we may neglect the spread in K, formally this corresponds to change exp(−K/T e )/T e → δ(K) at T e → 0. We do this when define dI || /dK -evidently this quantity depends only on I ⊥ if we imply K = 0, and then all integrals may be calculated. The same trick will be used next to determine the bounce resonances, however to avoid singularities we must retain finite T e in all kinetic calculations (both linear and nonlinear).
Our model allows determination of the upper limit ǫ * for the electron energy. To do this, let us remind that all particles adiabatically confined in a magnetic mirror must satisfy the following condition:
where index "0" refers to the trap center. Assuming T e → 0 and solving inequality (20) along the quasilinear diffusion curve K(I ⊥ , I || ) = 0, we find that it is equivalent to mc
. Thus, once a particle following the diffusion curve acquire an energy higher than ǫ * , it is lost through the loss-cone. For our particular experimental conditions, we may estimate the maximum electron energy gained during a strongly off-center ECR heating as ǫ * ≈ 340 keV, which is in reasonable agreement with the measurements.
On a time interval between the ECH and chirp instability, the Coulomb collisions of fast electrons are negligibly weak. Therefore, the action variables are adiabatic invariants during slow (compared to the bounce and cyclotron motions) plasma decay while the magnetic field and the bulk plasma vary essentially. This means that the distribution function (18) remains the same during of the instability stage or, at least, at the beginning of this stage. In particular, during the decay stage the maximum electron energy diminishes as approximately ǫ ∝ √ B. Table 2 . Resonant values of the particle energy ǫ = mc 2 (γ − 1), the linear growth rate γ L , the bounce frequencyω b , the local cyclotron frequency ωc(z loc ) = γω 0 and its coordinate for successive resonance orders n. Parameters correspond to experimental data shown in figure 1: ω 0 /2π = 6.25 GHz, ω c0 /2π = 8 GHz at the start of chirp activity and ω * c0 /2π = 10 GHz during the ECR heating at ω ECH /2π = 37.5 GHz. Maximal electron energy is ǫ * = 340 keV during the heating; due to magnetic decompression it reduces down to 305 keV when the instability develops. The coupling parameter varies from |Vn|/eA 0 = 0.07 at n = −30 to 0.04 at n = −42.
n
Resonances
Our model distribution function may be used to determine possible resonances between electrons and an unstable plasma mode. In the limit of T e → 0, such resonances are determined by the following conditions:
Simultaneous solution of the first two equations gives actions I ⊥ and I || as a function of the resonance order n, the last inequality gives the upper limit for n. Correspondingly, one may calculate all functions of the actions like particle energy, bounce frequency etc. Table 2 presents an example of such calculations for the experimental spectrum shown in figure 1 . Note that in a symmetric trap only even n may be excited because the coupling V n is exact zero for all odd n. One can see that:
• the bounce frequenciesω b correspond to the observed frequency sweep in a single burst; • the neighboring bounce frequencies do not overlap, ∆ω b > ν coll , γ L ; • different n correspond to groups of resonant electrons with different energies; • the resonance is possible only for negative n, thus maximum electron energy ǫ * defines the minimal allowed resonance order; in our case |n| ≥ 34;
• coordinate z loc , defined as a solution of ω c (z loc )/γ = ω 0 , characterizes a spatial position of the emitting zone -the wave-particle interaction is indeed located near the trap center.
Next we will describe the linear growth rate, also presented in table 2.
Linear growth rates
The model distribution function (18) represents a plateau along quasilinear diffusion lines, (∂F/∂I ⊥ )Ī || = 0, what guarantees absence of the linear interaction, γ L = 0, at the heating frequency ω ECH and the magnetic field ω * c0 . During the instability phase both the magnetic field and radiation frequency (of an unstable mode) are different, so the diffusion lines are different too and (∂F/∂I ⊥ )Ī || = 0. In other words, K as defined by (17) is a local function ofĪ || only for the heating radiation during the heating phase. When we consider the instability phase, K andĪ || may be treated as independent variables. This observation allows characterizing the inverse Landau damping in an explicit way.
Indeed, after substitution of (18) into (15), change of variable I ⊥ to K, and integration overĪ || , we find
and (∂Ω/∂Ī || ) K are calculated with a help of (8) and (17) . For small T e , one may consider F as δ-function, then the last expression may be calculated as
Noting that F dK = F 0 T e and using explicit expression (19) for the norm, we finally find
. (21) In our model, the linear instability growth rate is determined by a topology of the diffusion and resonance curves through σ and ∂Ω/∂Ī || , but it is independent of the spread of the distribution function T e (this is only a technical parameter introduced to avoid singularities).
We find that in our experimental conditions σ < 0. Indeed, after some algebra this condition may be formulated as
, what is always true for large enough ω ECH /ω 0 and α ∼ 1. Therefore, the instability corresponds to the positive sign of the term in curly brackets in (21) .
An example of the linear instability growth rate γ L for different resonances is presented in table 2. We find that only harmonics with 20 ≤ |n| ≤ 38 are unstable. On the other hand, harmonics with |n| > 34 correspond to resonant energies above our upper limit for the electron energy, ǫ * . Therefore, only few harmonics, n = −34, −36, −38, can contribute to the "holes and clumps" dynamics. Next we will analyze in more details the lowest possible resonance n = −34 corresponding to the maximal linear growth rate.
Our results agree with the previous analysis of the experimental data resulted in the range of instability linear growth rates (1 − 6) × 10 7 s −1 and the energy of emitting electrons of 170 keV [25] . Higher electron energies indicated in table 2 are related to the variation of the magnetic field being taken into account: in the new model electrons are not emitting exactly in minimum-B thus they must have an additional relativistic downshift of the cyclotron frequency.
Numerical simulation of frequency chirps
One of results of the present theory is that master equations (9), (14) for the cyclotron interaction are exactly the same as those considered earlier for the case of interaction of particles with electrostatic plasma waves. Thus, we may use one of many numerical tools developed for 1D electrostatic simulations. At this, all details related to a particular electromagnetic mode structure and mechanism of particle-wave interaction are taken into account in norming factors and dimensionless parameters of calculations.
In this paper, we find a numerical solution of (9), (14) with open source code BOT originally developed to study bump-on-tail instabilities [16, 37] . There are four main physical input parameters of the code:
• the initial wave amplitude measured as ω w /γ L ;
• the wave damping rate as γ d /γ L ;
• the collisional diffusion rate as
We do not use the code option for the Krook collision operator. All output are given in units of the linear growth rate γ L , thus we have an additional parameter when fitting the result to the experimental data in dimensional units. Figure 2 shows two examples of simulation of the particular series of observed frequency chirps presented in figure 1 . To plot this figure we use the following procedure.
The code describes a singular resonance, so we select n = −34 resonance considered in the previous section. Then we have an initial guess for the linear wave growth rate γ L , see table 2, and for the collisional rates, ν diff = (ω 2 0 ν coll ) 1/3 and ν drag = (ω 0 ν coll ) 1/2 , defined by the energy of resonant electrons ǫ. At this stage we assume zero collisional drag.
The initial wave amplitude is defined by the "thermal" fluctuations in a hot plasma [42] ; its level may be estimated as |E| 2 /8π ∼ ǫω 0 ∆ω/πc 3 with ω 0 ≈ 6.2 GHz, ∆ω/2π ≈ 100 MHz, and ǫ ≈ 270 keV. With these data we get ω w /γ L ≈ 0.1. 
Bottom panel: result of partial optimization for the fixed collisional drag force,
02, other parameters are the same as for the top plot. We use 10 harmonics in terms of BOT code manual [37] . Plasma conditions correspond to figure 1. The most uncertain parameter is the damping rate γ d . Since the observed chirp series looks quite stationary during times comparable with the plasma decay rate, we conclude that γ d is more likely related to losses from a vacuum chamber than to wave dissipation in the background plasma ‡. Due to many diagnostic ports, it is hard to estimate a-priory a real Q-factor of our vacuum chamber. On the other hand, we know that Berk-Breizman model is very sensitive to the ratio γ d /γ L , thus it may be recovered by fitting of the code output to the experimental data. As a first guess, we assume that the instability starts close to the threshold, γ d /γ L = 0.96. Here we remind that complex transient ‡ Note that in [25] , following our previous experience for other types of instability [43] [44] [45] , we assume that the instability threshold is determined by dissipation in the background plasma. Collecting more experimental data force us to change this assumption, for a particular case of chirp emission, to the opposite one. Power/frequency (dB/Hz) Figure 3 . Dynamic spectra of enhanced microwave emission during the decay stage of argon plasma: experimental data [25] (top) and simulation with BOT code.
dynamics is possible only if ν diff /(γ L −γ d ) <ν cr = 4.38 [10] ; in our case this is equivalent to γ d /γ L < 0.967. After initial guess is done, we run BOT code several times and adjust input parameters to achieve a better fit of the calculated and experimental dynamical spectra. Figure 2(top) shows the result of such optimization for a particular case shown in figure 1 ; corresponding parameters in physical units are listed in table 3. Here we match rather complex 2D images, but the procedure is fairly straightforward: roughly, scaling of the time axis scale refines γ L , scaling of the frequency axes refines γ d , and matching the whisker pattern refines ν diff and ν drag . During fitting only one parameter, ν drag , changes essentially compared to its theoretical estimate. For reference, in figure 2(bottom) we also present the result of a simulation in which we optimize all parameters except ν drag (initial guess for the collisional drag force is fixed).
Thus, with the simplest electrostatic model we are able to reproduce some essential features of observed signals assuming realistic physical parameters. Calculations for other frequency bands and other discharge parameters give similar results. For example, figure 3 shows our very first experimental spectrogram with chirp structures and corresponding BOT simulations. This signal was detected in argon plasma (opposite to nitrogen plasma considered above).
Summary
The Berk-Breizman model seems to be quite suitable to explain complex transients with periodic frequency sweeps observed in decaying plasma after high-power ECR discharge in a laboratory mirror trap. Following a traditional approach, in this paper we consider an isolated wave-particle resonance. However, due to a naturally large difference between the bounce and cyclotron periods, we must assume a fairly large order n ∼ 30 of the bounce resonance. At this, it is quite natural that few neighboring resonances (physically corresponding to electrons with different energies) can simultaneously drive the same unstable mode. This case, in some sense intermediate between the quasilinear and Berk-Breizman's paradigms, is still open for research.
Although not fully realized in our experiments, there is an additional possibility to reduce the bounce resonance order exploiting the fact that ω b /ω c grows inversely to the external magnetic field strength, e.g. ω b /ω c ∝ 1/ √ B in our model. Thus, fast switchingoff of the magnetic field during plasma decay seems to be favorable for observation of Berk-Breizman phenomena. For example, assuming decompression factor α = 3 (instead of 1.25 used in our examples) would result in a shift of the resonance order to n ∼ 10 and in additional selection rules separating neighboring resonances due to a sharp dependence of coupling parameter V n on n.
Another interesting observation is that frequency chirping events always start with a steady enhanced level of emission at specific fixed frequencies. Such constantly highlighted seed lines just recently have been recognized as a possible driver for the nonlinear excitation of subcritical plasma instabilities [46] .
As a final remark, we remind that a laboratory modeling of non-stationary processes of wave-particle interactions is important for a space plasma research since there are a lot of open questions about the origin of different types of emissions in space cyclotron masers, especially mechanisms of fine spectral structure [47] . At present, a full theory of fast frequency events in space plasma is still not finished, although the concept of electron holes in a phase-space is occasionally used, e.g. for interpretation of emissions in the Earth's auroral upward and downward current regions [48, 49] , Jovian S-burst emission [50] etc. We hope that our results may advertize the application of "holes and clumps" paradigm to other problems of high-frequency electron dynamics. source code BOT. This work was supported by the Russian Science Foundation (grant No. 17-72-10288).
